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Numerical Study of Wake Vortex Decay and Descent
in Homogeneous Atmospheric Turbulence
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Numerical simulations are performed to isolate the effect of ambient turbulence on the wake vortex decay rate
within a neutrally strati� ed atmosphere. Simulations are conducted for a range of turbulence intensities by in-
jecting wake vortex pairs into an approximately homogeneousand isotropic turbulence � eld. Consistent with � eld
observations, the decay rate of the vortex circulation increases clearly with increasing levels of ambient turbulence.
Based on the results from the numerical simulations, simple decay models for the vortex pair are proposed as func-
tions of nondimensionalambient turbulence intensity, nondimensional radial distance, and nondimensional time.
For strong atmospheric turbulence, the model predictions are in reasonable agreement with the observationaldata.
For weak turbulence with stable strati� cation, the model, based on turbulence dissipation alone, underestimates
circulation decay with consistent overestimation of vortex descent, unless strati� cation effects are included.

Nomenclature
B = aircraft wingspan
b0 = initial vortex separation distance, p B / 4
cs = coef� cient for � lter width in the subgrid

model, 0.16
c1, c2 = model coef� cients for vortex decay, 0.13 and

0.08, respectively
D = rate of velocity deformation
d1, d2 = model coef� cients for vortex descent, 0.84 and

0.71, respectively
Fb b = one-dimensionalspectra
H = nondimensionalvortex descent distance, h /b0

h = vortex descent distance from initial vortex
elevation

I1, I2 = isotropy parameters, [h u2 i / h w 2 i ]1/ 2

and [h v2 i / h w2 i ]1/ 2
, respectively

K = subgrid eddy viscosity
L x , L y , L z = domain sizes in x , y, and z directions, respectively
L33 = integral length scale of turbulence in z direction
N = Brunt–Väisäla frequency
q = turbulent velocity scale, (u2 + v2 + w2)

1/ 2

R = nondimensionalradial distance from vortex center
Re = circulation Reynolds number, C / m
RiR = rotational Richardson number
RiS = Richardson number due to strati� cation, N 2 / D2

r = radial distance from vortex center
rc = initial core radius de� ned as radial distance

of peak tangential velocity
T = nondimensional time, tV0 / b0

t = time
te = large-eddy turnover time, L33 / h w 2 i 1/2

u, v, w = velocities in x, y, and z directions, respectively
u 0

n = � uctuation of velocity normal to the surface
V = tangential velocity
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Va = airspeed of generating aircraft
V0 = initial vortex induction speed, C 1 / (2 p b0)
W = aircraft weight
x , y, z = axial, lateral, and vertical space coordinate

relative to initial vortex system
a = coef� cient for RiS , 3.0
b = coef� cient for RiR , 1.5
C = vortex circulation
C 0 = initial circulation
C 1 = initial circulation at r À rc , 4W / ( p Bq Va)
D = � lter width in the subgrid model,

(2D x 2D y 2 D z)1/ 3

D x , D y, D z = grid sizes in x , y, and z directions, respectively
² = turbulent kinetic energy dissipation rate
f = axial vorticity
f 0 = � uctuation of axial vorticity
g = nondimensional ambient turbulence intensity,

(²b0)
1/3 / V0

H (z) = ambient potential temperature pro� le
j = wave number
K = integral length scale of turbulence
m = kinematic viscosity
m e = effective turbulent eddy viscosity
q = air density
X = three-dimensionalvorticity

I. Introduction

F OR the purposeof increasingairport capacity,a system is being
developedunder NASA’s Terminal Area ProductivityProgram

that will control aircraft spacing within the narrow approach cor-
ridors of airports. The system, called the Aircraft Vortex Spacing
System,1, 2 will determine safe operating spacing between arriving
and departingaircraft as based on the observedor predictedweather
conditions.This systemwill providea safe reductionin separationof
aircraft compared to the now-existing � ight rules, which are based
on aircraft weight categories. To develop this system, research is
being focused on understandinghow aircraft wake vortices interact
with the atmosphere.Previousstudies indicate that transportand de-
cay of wake vortices are strongly affected by ambient atmospheric
parameterssuch as wind shear, strati� cation,and turbulence,as well
as by proximity of aircraft to the ground.3 In this study we focus on
the effects of three-dimensionalambient atmospheric turbulenceon
vortex decay and descent using a validated large-eddy simulation
(LES) model.
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The mechanisms and causes for the decay of the wake vortices
have been somewhat controversial.4 Some researchers believe that
vortices generally do not decay until three-dimensional instabil-
ities such as Crow instability5 lead to their sudden destruction.6

However, this view is held in spite of the overwhelming observa-
tional evidence that vortices do decay at different rates depending
on the ambient meteorologicalconditions,3 and atmospheric turbu-
lenceplaysa key role.7 , 8 Recentanalysesof � eldobservationdataby
Sarpkaya9 clearly show that vortex circulation decays much faster
in the presence of strong turbulence than in weak turbulence.Using
a second-order turbulenceclosure model, Bilanin et al.10 show that
the rate of decay of a vortex pair increases with increasing dissi-
pation rate of background turbulence.From three-dimensionalLES
of wake vortices in a realistic atmospheric boundary layer, Corjon
and Darracq11 reveal that the vortices decay with time in a turbulent
environment.Our analyses of LES data3, 12 , 13 also reveal that three-
dimensionalatmospheric turbulenceenhancesvortex decay. On the
other hand, the descent speed of a vortex pair due to mutual induc-
tion decreases with decreasing circulation as long as the separation
distance of a vortex pair remains constant. From the data obtained
in their water tank experiments, Sarpkaya and Daly14 � nd that the
descent speed of vortices decreases with increasingdissipation rate
of the ambient turbulence. This, in turn, implies that stronger tur-
bulence yields larger reduction in circulation. Stable strati� cation
[@H (z) / @z > 0, where H (z) is the ambient potential temperature
pro� le] can also hasten vortex decay through baroclinic generation
of countersignvorticity along the vortex oval’s periphery.3, 15 , 16 Be-
causemost of � eld observationdata are subjectedto the in� uenceof
both turbulenceand strati� cation, it is dif� cult to distinguisheach of
their effects on circulation decay and vortex descent. In the present
study, we consider only a neutrally strati� ed atmosphere, that is,
@H (z) / @z =0, to isolate the effects of atmospheric turbulence on
vortexdecay.Our other ongoinginvestigationsof wake vortexdecay
in nonneutral environments will be reported in a future paper.

The accelerationof vortex decay by ambient turbulencehas been
an important factor in several wake-vortex prediction models.7 , 8

Donaldson and Bilanin7 proposed a formula describing the relation
between atmospheric turbulence and decay of vortex circulation:

d C

dt
= ¡ 0.82

q C

b0
(1)

Greene8 incorporated Eq. (1) into his analytic model to account
for the contributionof atmospheric turbulenceeffects on wake vor-
tex motion and decay. Equation (1) implies that vortex circulation
decays exponentiallyand depends only on ambient turbulence,rep-
resented by q , which is related to the turbulence kinetic energy
(TKE =q2 / 2). The TKE (or q ) is primarily determined by the
large energy-containing eddies. According to Eq. (1), large-scale
eddies are involved in the decay of vortex circulation. Although
large energy-containingeddies can lead to a large deformation and
transportof vortices as well as to the developmentof the large-scale
Crow instability,3,17 ¡ 19 it is the small-scale (order of b0 and less)
turbulent eddies that are directly associated with the decay of vor-
tex circulation. These small scales of turbulent eddies are likely to
be more homogeneous and isotropic and most often lie within the
Kolmogorov inertial subrange that is characterized only by turbu-
lent kinetic energy dissipation rate (²) (Ref. 20). Therefore,² rather
than q is a more appropriate turbulence parameter for controlling
the vortex decay.

In fact, ² has been commonly used in the literature14, 18 , 19 , 21, 22 as
an appropriate parameter to represent the effects of ambient turbu-
lence on the lifespan of wake vortices. The strength of turbulence
is often represented by the nondimensional turbulence intensity g
de� ned as

g = (²b0)
1
3 ê V0 (2)

where

V0 = C 1 / 2p b0 (3)

Note that g is the ratio of the characteristic turbulent velocity scale
at the scale of the vortex separation distance (²b0)1/ 3 to the initial
descent speed of the vortex pair by mutual induction, V0.

Our studies are focused on the far-� eld, postrollup stage of the
vortex pair, in which each vortex possesses a well-developedstruc-
ture. For later discussion,we de� ne nondimensionalparameters for
time t , descent distance of the vortices, h, and radial distance r as

T = V0t /b0, H = h /b0, R = r /b0 (4)

In Sec. II, we describe the LES model and the modi� cations re-
quired for the initial conditions. In Sec. III, we present the results
from systematic numericalexperiments in terms of nondimensional
turbulence intensity and also propose new vortex models for vortex
decayand descent,basedon theLES results.In Sec. IV, we apply the
proposed models to available observation data. Finally, in Sec. V,
we summarize our results and draw some conclusions.

II. Model and Initial Conditions
The model formulationand initial conditionsmust be chosenwith

great care when applied to the numerical simulation of wake vor-
tices. Atmospheric wake vortices are three-dimensional,have very
high Reynolds numbers, and are embedded within turbulent � ow.9

Hence, laminar simulations, especially at low Reynolds numbers,
are inappropriate for studies of wake vortex decay. The numeri-
cal approximationsassumed for wake vortex simulations should be
stable, nondiffusive, and accurate, yet computationallyef� cient.

A. Model
The numerical model used in the present study is a three-dimen-

sional, nonlinear,compressibleLES model, called the terminal area
simulation system23 (TASS), which has been adoptedfor simulation
of interactionof wake vorticeswith the atmosphere.24 – 26 The TASS
model contains 12 prognostic equations: 3 for momentum, 1 each
for pressure deviation and potential temperature, 6 coupled equa-
tions for continuity of water substance (water vapor, cloud droplet,
cloud ice crystals, rain, snow, and hail), and 1 for a massless tracer.
In the present study, we use only four equations for momentum
and pressure deviation because we assume statically neutral, dry
atmosphere.

The TASS model uses the time-splitting integration procedure
(small time step for acoustically active terms and large time step
for advection and diffusion27) that results in a substantial savings
in computing time. Local time derivatives (both small and large
time steps) are approximatedby the second-orderAdams–Bashforth
method. Space derivatives are approximated by central differences
in quadratic-conservativeform, which are fourth-order for advec-
tive derivativesand second-orderfor remaining derivatives. Details
of the numerical formulation can be found by Proctor.23 , 24 The nu-
merical schemes used in TASS produce accurate and stable results
and have been shown to have almost no numerical dissipation.28 In
Ref. 3 for a two-dimensional laminar simulation result with a very
small constantviscosity(Re ´ C / m » 106 ), it was shown that the tan-
gential velocity does not change with time from the initial pro� le,
indicating that TASS is essentially free of numerical dissipation.

Turbulenceis stronglyaffectedby the rotationof the swirling vor-
tex � ow. According to Rayleigh’s well-known stability criterion,29

perturbations are suppressed in an axisymmetric vortex if the cir-
culation is increasing with radial distance, but perturbationswould
becomeunstableif the circulationis decreasingwith radial distance.
Because the circulation increases rapidly with radial distance in the
vortex core region, any preexisting turbulence is suppressed there,
and the vortex core (de� ned as the radius of maximum tangential
velocity) expands very little with time.9 , 16 In the present numerical
model, an expression for the subgrid eddy viscosity that accounts
for the � ow rotation effects is used to avoid unrealistic core growth
as described subsequently.

For subgrid turbulence, TASS currently uses a conventional
Smagorinskymodel30 with modi� cationsfor strati� cation effectsas

K = (cs D )2 j D j (1 ¡ a RiS )0.5 (5)

Note that RiS is included here, although it has no contribution be-
cause strati� cation is not considered in the present study.

A simple modi� cation of the subgrid eddy viscosity for the ef-
fects of � ow rotation has been developed in Ref. 31 following the
suggestion by Rubinstein and Zhou.32 In this formulation, rotation
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acts to suppress subgrid turbulence, in a way that is analogous to
the effects from strati� cation, and is given as

K = (cs D )2 j D j (1 ¡ a RiS ¡ b RiR )0.5 (6)

Here rotational Richardson number RiR is de� ned as

RiR = X 2 / D2 + j X j / j D j (7)

Equations(6) and (7) indicate that theeddyviscosity K can be effec-
tively reduced within the core of vortices due to large j X j / j D j . Be-
causethe precedingformula cannotdiscriminatebetweenshear � ow
and � ow with coherent rotation, a discriminator function is applied
that turns the formula off (defaulting to the original Smagorinsky
model) in the absence of coherent rotation. Details of this formula
may also be found in Ref. 31. The coef� cient for b is chosen empir-
ically, with a value of 1.5. This value for b was chosen large enough
to suppress mixing across the vortex core and is assumed to be uni-
versal for all situations. This formulation, with b =1.5, was also
applied to a three-dimensional LES simulation of homogeneous
turbulence with no detectable corruption of the energy spectrum.
One of the bene� cial consequences of the formulation is to pre-
vent the vortex core from growing with time, as veri� ed from � eld
measurements.9 In experiments with the unmodi� ed Smagorinsky
model [Eq. (5)], the vortex core was found to unrealisticallyexpand
with time.33

Periodic boundary conditions are imposed at all domain bound-
aries. The domain size used in our simulations is (L x , L y , L z) =
(2.5b0, 5b0 , 5b0) =(80 D x, 160D y, 160D z), where b0 =32 m, the
grid size D x = D y = D z =1 m, x , y, and z correspond to the ax-
ial, lateral, and vertical directions of the vortex system, and the
corresponding velocity components are u, v , and w , respectively.
The smaller domain size in the axial direction, 2.5b0 , which can
save much computing time, suppresses the development of Crow
instability of which the theoretical maximum wavelength is about
8.6b0 (Ref. 5), and thus, statistically homogeneous decay behavior
is anticipated along the axial direction. The domain size of 5b0 in
the lateral and vertical directions is suf� ciently large to minimize
boundary in� uences.Comparison with a test case assuming a larger
domainwidth showed little difference,indicatingthat 5b0 width was
suf� ciently large for this experiment. Because of our limited com-
puting resourcesand to allow the core to be resolved, the initial core
size (rc =4 m) is somewhat larger than the typical value observed
behind aircraft (less than about 5% of the wingspan24 ). Obviously,
with the importation of a fully periodic condition, any effect from
the ground is omitted from these simulations; thus, the results are
applicable to the free atmosphere only.

B. Initial Conditions
Because we want to study the effect of ambient turbulence on

the vortex decay and descent within the free atmosphere, it is of
crucial importance to obtain an initiallyhomogeneousand isotropic
turbulence � eld. Toward this purpose, the initial turbulence � eld
is allowed to develop under an arti� cial external forcing at low
wave numbers.34 Because the TASS code uses a � nite difference
numerical scheme, the forcing is achieved by performing � rst a
three-dimensionalfast Fourier transform (FFT) at every large time
step and then adding a constant amplitude to all of the modes with
integer wave numbers whose magnitude is less than 3.0, and per-
forming � nally an inverseFFT back to the physical space.The wave
number in the axial direction is normalized so that the axial wave-
length has the same magnitude as that of the corresponding waves
in lateral or vertical direction. Because of viscous dissipation, the
simulation can reach a statistically steady state in the sense that the
mean turbulencekinetic energy oscillates in time around a constant
value.

Figure 1 shows the vertical velocity � eld and its one-dimen-
sional longitudinal and transverse spectrum with ¡ 5

3 slope of
Kolmogorov’s spectrum when the turbulent � ow� eld reaches a
statistically steady state. The calculated integral length scale
is L33 ¼ 11.4 m and the large-eddy turnover time, de� ned as
te =L33 / h w 2 i 1/ 2

, is estimated to be about 51.6 s. Here subscript 3
denotes the vertical direction and h i represents the domain aver-
age value. The isotropy parameter I , de� ned as I1 =[h u2 i / h w2 i ]1/ 2

Fig. 1 Steady-state turbulence before vortex injection: a) vertical ve-
locity � eld and b) its one-dimensional energy spectrum.

or I2 =[h v2 i / h w2 i ]1/ 2
, � uctuates only a few percent around its ex-

pected value of one for isotropic turbulence. Therefore, our simu-
lated turbulence is close to statistical isotropy. The TKE dissipation
rate ² is estimated by � tting Kolmogorov’s theoretical spectrum in
the inertial subrange to the simulated spectra in Fig. 1.

The initial vortexsystemis representativeof the postrollup,wake-
vortexvelocity� eld. A vortexmodel recentlydevelopedby Proctor3

is adopted in our experiments.This model is empirical because it is
based on � eld observationsof several wake vortices measured early
in their evolution. Its tangential velocity V is represented as

V (r ) = ( C 1 / 2p r)
©
1 ¡ exp

£
¡ 10(r / B)0.75

¤ª
(8)

Note that the velocity � eld in Eq. (8) depends on the wingspan B
instead of the core radiusrc, which is not easy to accuratelymeasure
in � eld studies. Equation (8) is applicableonly at r > rc. For r < rc ,
the model is matched with the Lamb model,35 that is,

V (r) = ( C 1 / 2 p r)1.4
©
1 ¡ exp

£
¡ 10(rc / B)0.75

¤ª

£
©
1 ¡ exp

£
¡ 1.2527 (r / rc)

2
¤ª

(9)

The values assumed for initial vortex separation and circulation
are derived from aircraft weight W , wingspan B, air density q ,
and airspeed Va according to the conventional assumption of an
elliptically loaded wing, that is,

b0 = p B / 4, C 1 = 4W / p B q Va
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Fig. 2 Initial circulation, tangential velocity, and vorticity for each
vortex normalized by their maximum values.

Normalized circulation, tangential velocity, and vorticity from the
precedingmodel are shown in Fig. 2 as functions of the normalized
radial distance R =r /b0 , assuming rc /b0 =0.125.

A two-dimensional counter-rotating vortex pair following
Eqs. (8) and (9) is initialized uniformly along the axial direction
at the time when the ambient turbulence reaches a steady state af-
ter integration. To keep the vortices in the middle of the domain,
the grid is allowed to translate downward at the speed of 0.9V0.
Different values of nondimensional ambient turbulence strength g
are obtained by varying the initial circulation C 1 rather than by
varying the initial turbulence � eld, that is, by varying ², to save
computing time. Simulationsare conductedwith dimensionalquan-
tities, although the results are presented in nondimensional forms
to make them more generally applicable and independent of indi-
vidual dimensional variables. Assuming that C 1 =400 m2 s ¡ 1 and
b0 =40 m, which are appropriate for large jet aircraft such as the
DC-10, the rangeof valuesof g in the lower atmosphere is estimated
to be 0.01–0.5, with the maximum value occurring during early af-
ternoon convective conditions and the minimum value during very
stable conditionsafter midnight.3 Simulations are conducted for six
values of g , which are within the given range. These cases are di-
vided into three turbulence strength groups: g =0.0302 and 0.0702
for weak turbulence, g =0.1006 and 0.1509 for moderate turbu-
lence, and g =0.3018 and 0.5031 for strong turbulence.Generally,
weak may represent the strength of typical boundary-layer turbu-
lence during stable nighttime conditions and strong may represent
typical strength during sunny daytime convective conditions. The
simulated turbulence strengths represent a wide range of typical at-
mospheric conditionsand aircraft sizes (note that g also dependson
aircraftwingspan and the far-� eld circulationof its vortices). To iso-
late theeffectof atmosphericturbulenceonvortexdecayfrom thatof
thermal strati� cation, all simulations assume neutral strati� cation.

III. Numerical Results
Simulation results for six values of g are presented. External

forcing for maintaining ambient turbulence strength is deactivated
to save computing time when the initial vortices are injected, but
the difference in the results for maintaining or deactivating the forc-
ing has been found to be negligible (not shown). This con� rms the
arguments by Corjon et al.36 that the timescale of the ambient tur-
bulence compared to that of the vortex is suf� ciently large to obtain
the main characteristicsof the effects of ambient turbulence on the
wake vortices.

During simulations, the vortices descend smoothly without any
development of large-scale instabilities. As mentioned earlier, the
Crow instability cannot occur in these simulations due to the small
domain size in the axial direction.

The circulation at any radial distance r can be easily determined
from the area integral of the axial vorticity f over a region de� ned
by the radial distance, that is,

C r =
Z Z

f dA (10)

Table 1 Standard deviation of the circulation
¾ C (%) relative to its mean value at the end

of simulation time

g T r C at 3rc r C at 4rc r C at 5rc

0.0302 7 2.8 2.0 2.1
0.0702 6 3.8 4.1 4.3
0.1006 6 3.5 4.5 4.6
0.1509 6 6.6 9.0 9.9
0.3018 3 10.1 9.6 8.5
0.5031 3 31.4 28.2 23.1

Obtained at a � xed radial distance are a total of 160 circulation
values for a pair of vortices in 80 y–z planes from which we have
calculated averages and standard deviations. As shown in Table 1,
the circulation � uctuationsdue to ambient turbulence increase with
increasing turbulence level. The standard deviations appear to be
small for most of turbulencelevels (less than 10%) at least at the end
of the simulationtime, exceptfor the strongestturbulencestrengthof
g =0.5031forwhich thevaluesaremore than 20%. In the following,
we consideronly theaverageofcirculationsto deduceanappropriate
model for vortex decay and descent.

A. Circulation Decay
Figure 3 shows the decay of circulation with time for varying

radial distances, as well as varying ambient turbulence levels. As
shown in Fig. 3, the decay rate of circulation increases clearly with
increasingambient turbulencelevel and appears to decreasewith in-
creasingradialdistance,which is consistentwith � eld observations.9

To investigatethe vortexdecaybehaviorin moredetail for varying
radial distances, the circulationevolution with a best-� tted function
for each radial distance is plotted in Fig. 4 for relatively weak tur-
bulence (g =0.0702), in Fig. 5 for relatively moderate turbulence
( g =0.1509), and in Fig. 6 for strong turbulence ( g =0.5031). As
evidenced in Figs. 4–6, the decay of the circulation appears to fol-
low a Gaussian function e ¡ aT 2

for weak and moderate turbulence
(model G), whereas for strong turbulence, it appears to follow an
exponential function e ¡ bT at smaller radial distances (model E) but
a Gaussian function at larger radial distances, where a and b are
functions of g and radial distance. Although only partly shown in
Figs. 4–6, thecirculationat radialdistanceslarger than 0.6b0 appears
to follow the Gaussian decay for all levels of turbulence. An expo-
nential decay formula [Eq. (1)] was � rst proposed by Donaldson
and Bilanin,7 with q rather than ² as the turbulenceparameter con-
trolling the vortex decay. The Gaussian decay implies slower decay
than the exponential decay during early evolution of the vortices.
Based on our described LES results, two types of models (models
E and G) are proposed for vortex decay and their formulations are
given in the Appendix.

From the Appendix,Eqs. (A13) and (A17) can be rewritten in the
nondimensional forms for model E as

d C

dT

ê
ê
ê
ê turbulence

= ¡ c1
g

R2
C (11)

and for model G as

dC

dT

ê
ê
ê
ê turbulence

= ¡ 2c2
g 2T

R2
C (12)

where c1 and c2 are empirical constants. Further integrations of
Eqs. (11) and (12) with respect to nondimensional time (assuming
ambient turbulenceis only the processaffectingvortexdecay)yields
for model E

C = C 0 exp
£
¡

¡
c1 g ê R2

¢
T

¤
(13)

and yields for model G

C = C 0 exp
£
¡

¡
c2 g

2 ê R2
¢
T 2

¤
(14)

(It is assumed that g does not change with time.)
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a) ´ = 0:0302

b) ´ = 0:0702

c) ´ = 0:1006

d) ´ = 0:1509

e) ´ = 0:3018

f) ´ = 0:5031

Fig. 3 Decay of circulation with time for varying radial distances and ambient turbulence strengths.

In a transition range from moderate to strong ambient turbulence
levels, which is about g =0.25 ¡ 0.30 in the present study, the decay
behavior of the vortices appears to be more complicated due to the
dependency of the model types on radial distances. For example, in
this range of g , the vortex decay follows model E in a smaller range
of radial distances, whereas it follows model G in a larger range of
radial distances: The range of radial distances for the applicability
of model E increases with increasing ambient turbulence level but
may not be a linear function of g . For a practical purpose, never-
theless, we propose a simple model in the transition range that is
a composite of models E and G weighted linearly with varying g
(0.25 < g < 0.30) as

C = [( g ¡ g 1) / D g ]C E + [( g 2 ¡ g ) / D g ]C G (15)

where g 1 and g 2 are lower and upper limits of the transition range,
D g = g 2 ¡ g 1 , and C E and C G are the circulationsgivenby Eqs. (13)
and (14), respectively.

Previous investigators have quanti� ed the strength of a vortex
in terms of a parameter called average circulation that is de� ned
as24, 37

¯C r1 ,r2 =
1

r2 ¡ r1

Z r2

r1

C dr (16)

wherer1 and r2 are the radialdistancesof theaveraginginterval.This
parameter is desirablebecause it relates to the rolling moment of an
encounteringaircraft and provides a more stable measurement than
the localcirculation.24, 37 In particular,the averagecirculationwithin
15 m from the vortexcenterhasbeen consideredto be closelyrelated
to the hazard.38 , 39 In the present study, we consider the average
circulation from R =0.4 to 0.6 because the circulationdecay in this
range of radial distances is not very sensitive to grid resolution.
The average circulation in the following represents the circulation
averagedover the rangeof R =0.4 ¡ 0.6 accordingto Eq. (16) unless
stated otherwise.
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a) r = 3:0rc (0:375b0)

b) r = 4:0rc (0:500b0)

c) r = 5:0rc (0:625b0 )

d) r = 6:0rc (0:750b0 )

Fig. 4 Circulation decay and best-� tted functions at four different radial distances for ´ = 0:0702 (weak turbulence): solid line indicates e ¡ aT2
, where

a is a function of ´ and R.

a) r = 3:0rc (0:375b0 )

b) r = 4:0rc (0:500b0 )

c) r = 5:0rc (0:625b0 )

d) r = 6:0rc (0:750b0 )

Fig. 5 Same as Fig. 4 but for ´ = 0:1509 (moderate turbulence).
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a) r = 3:0rc (0:375b0)

b) r = 4:0rc (0:500b0)

c) r = 5:0rc (0:625b0 )

d) r = 6:0rc (0:750b0 )

Fig. 6 Same as Fig. 4 but for ´ = 0:5031 (strong turbulence): dashed line indicates e ¡¡ bT , where b is a function of ´ and R.

As can be seen from Fig. 7, the average circulations from the
model predictions, that is, Eqs. (13) and (14), agree much better
with the LES data than the local circulations, showing a Gaussian
decay for weak and moderate turbulence but an exponential decay
for strong turbulence. The model coef� cients represented in Fig. 8
are obtained from the average circulationand do not appear to � uc-
tuate signi� cantly with varying g in spite of the highly irregular
nature of turbulence. To obtain a representative model coef� cient,
more experimentshavebeenperformedfordifferent g valuesand for
different initial turbulence � elds. The values of coef� cients (Fig. 8)
� uctuate with varying g within the ranges of c1 =0.06 ¡ 0.09 and
c2 =0.08 ¡ 0.20, respectively. The mean values of the coef� cients,
which can be considered as more representative, are c1 =0.08 for
model E and c2 =0.13 for model G, respectively.

Using the given mean values of the coef� cients, our model pre-
dictions at R =0.5 for various ambient turbulencelevels are plotted
in Fig. 9. Crow instability is a well-known phenomenon in which
the vortexpair undergoesa symmetric and sinusoidalinstability that
grows exponentially and � nally results in a linking (merging) into
a series of crude vortex rings. The vortex lifespans shown in Fig. 9,
de� ned as the time at which linking of a vortex pair occurs as a
result of the Crow instability, are obtained from a model recently
developed by Sarpkaya,9 where the linking time is given as only a
function of g . This model is a revised one from the original Crow
and Bate’s21 model and has been shown to agreewell with data from
water tank experiments14 and LES predictions.19 Figure 9 indicates
that, until a linkingof the vorticesoccurs, the circulation is reduced
by only about 2% of its initial value for weak ambient turbulence
( g =0.03), whereas it may be reducedby as much as 20% for strong
ambient turbulence ( g =0.50).

B. Vortex Descent
The descentof an idealvortexpair,where vorticityis concentrated

in two parallel lines, will follow the relation of H =T in an inviscid
� uid. In the numerical simulation, however, descent rate of a pair of

the vortices can deviate from H/T =1 due to the in� uence of image
vortices implicit on the assumptionof periodicboundaryconditions
and the use of a vortexmodeldifferentfrom ideal linevortices.From
a two-dimensionallaminar simulationwith the same domain size as
the cross plane size of the preceding three-dimensional simulation
and with a very small constantviscosity (Re » 107 ), the descent rate
intrinsic in the present domain size and vortex model appears to be
H/T =0.98, slightly less than ideal one.

To developa model for vortex descent due to ambient turbulence,
we � rst assume that the vortex descent rate is proportional to the
circulation, that is,

dh

dt
»

C

2 p b0
(17)

or in the nondimensional form

dH

dT
»

C

C 1
(18)

For weak and moderate turbulence, the circulation is expected to
decay as a Gaussian function, as discussed in the precedingsection.
Thus, substituting Eq. (14) into Eq. (18), we obtain

dH

dT
» exp

£
¡ (d1 g T )2

¤
(19)

where d1 is an empirical coef� cient. After integration, we � nally
obtain

H = (0.87/d1 g ) erf(d1 g T ) (20)

where erf is an error function and the proportionalityconstant 0.87
is an optimal value determined from our LES results. The preced-
ing model for vortex descent has been applied to our LES results
for weak and moderate turbulence. As shown in Figs. 10a–10d,
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a) ´ = 0:0302

b) ´ = 0:0702

c) ´ = 0:1006

d) ´ = 0:1509

e) ´ = 0:3018

f) ´ = 0:5031

Fig. 7 Evolution of the circulation averaged from R = 0:4 to 0.6 and corresponding model prediction with the coef� cient adjusted for a best � t.

the model predictions agree well with the LES data, although
the best-� tted coef� cient d1 appears to � uctuate with varying g
(Fig. 11).

For strong turbulence,however, an optimal value for d1 could not
be found.This may be because,for strong turbulence,the circulation
decays exponentially over radial distances less than about 0.6b0,
implying that circulations at smaller radial distances than R =0.6
may also play signi� cant role on the descent rate. Nevertheless, the
modi� ed form of Eq. (20)

H = (d2 / 0.28g ) erf(0.28g T ) (21)

where d2 is an empirical coef� cient less than 0.87, can be matched
with our LES results, as shown in Figs. 10e and 10f.

In the transition range from moderate to strong ambient turbu-
lence levels, a simple model for 0.25 < g < 0.30, similar to that for
vortex decay, can be proposed:

H = [( g ¡ g 1) / D g ]HE + [( g 2 ¡ g ) / D g ]HG (22)

where HE and HG are the nondimensional vortex descent distance
given by Eqs. (21) and (20), respectively.

The model coef� cients d1 and d2 have been estimated the various
LES cases covering a wide range of g values and are shown in
Fig. 11. The variations around their mean values of d1 =0.84 and
d2 =0.71 are less than 20%.

Using the given mean values of the coef� cients, the model pre-
dictions for the vortex descent for various ambient turbulence lev-
els are plotted in Fig. 12 with the vortex lifespans obtained from
Sarpkaya’s9 model. Figure 12 shows clearly that the descent rate
of the vortices decreases with increasingambient turbulence due to
the increasing rate of decay of circulation with increasing ambient
turbulence.On the other hand, for weak turbulence, the descent dis-
tance appears to closelyfollow the line H =0.98T before the vortex
linking occurs.



HAN ET AL. 651

Fig. 8 Model coef� cients with varying ´ for the circulation decay in
Eqs. (13) and (14) as obtained from numerical simulations: same sym-
bols represent the results from same initial turbulence � elds; solid lines
indicate the average values of the coef� cients for the Gaussian and ex-
ponential models distinguished by dashed line.

Fig. 9 Model prediction with varying ´ for the circulation at R = 0:5
with vortex lifespan presented.

IV. Comparison of Observation Data
and Model Predictions

In this section predictionsof wake vortex decay and descent from
the models proposed in the preceding sections are compared to ob-
servation from the Memphis Field Program.40 As part of the NASA
sponsored � eld program, Massachusetts Institute of Technology
Lincoln Laboratory operated 10.6 l m CO2 continuous wave laser
Doppler radar [light detectionand ranging (LIDAR)] and measured
the line-of-sight velocities of the vortices in a plane perpendicu-
lar to the � ight path of approaching or departing aircraft. Circula-
tion values were estimated from the measured line-of-sightvelocity
� eld.40

In this study, six cases (Table 2) are chosen based on atmospheric
stability conditions and number of data points. Some of the cases
have been also analyzed by Sarpkaya9 for a different purpose. The
proposed models only address the effect of ambient turbulence on
vortex decay and do not include the effect of thermal strati� cation.
The initial conditions for the proposed models used the represen-
tative vortex separation and far-� eld circulation in Table 2, as well
as the TKE dissipation rate ² measured at 40 m (Table 3). As seen
from Table 3, the g values calculated by the de� nition [Eq. (2)] are
within the range of those used in our earlier LES.

Shown in Fig. 13 are the measured average circulations over the
range of R =0.4 ¡ 0.6 with those from model predictions based on
Eqs. (13) and (14) using the mean coef� cients. The initial average
circulation C 0 is determined from the presentvortexmodel [Eq. (8)]
with the theoreticalcirculationat r >> rc (C 1 ) given in Table 2. The

Table 2 Initial parameters for wake vortices for the � ights analyzed

Flight Aircraft b0, C 1 , Aircraft Atmospheric stability
number type m m2 s ¡ 1 altitude, m (observing time)

M-1252 B-757 29.8 323 160.2 Stable (midnight)
M-1273 DC-10 39.6 416 149.9 Stable (midnight)
M-1569 DC-9 22.4 241 127.5 Neutral (evening)
M-1573 DC-9 22.4 245 103.8 Neutral (evening)
M-1581 B-757 29.8 297 166.1 Unstable (noon)
M-1584 DC-9 22.4 231 125.7 Unstable (noon)

Table 3 Turbulence energy
dissipation ratea

Flight ²,
number m2 s ¡ 3 g

M-1252 0.212 £ 10 ¡ 5 0.023
M-1273 0.150 £ 10 ¡ 6 0.012
M-1569 0.584 £ 10 ¡ 3 0.138
M-1573 0.255 £ 10 ¡ 3 0.103
M-1581 0.302 £ 10 ¡ 2 0.283
M-1584 0.366 £ 10 ¡ 2 0.265

aMeasured at elevation of 40 m and correspond-
ing nondimensional turbulence intensity.

data for times less than T =1 have been discarded from the data
set for all of the cases analyzed because the observed circulations
at these times are subject to large trigonometry errors, for example,
see Ref. 40.

As seen in Fig. 13, predictionsby the proposed models appear to
underestimateconsiderablythe observationsexcept for the stronger
turbulencecases of M-1581and M-1584 in which the model predic-
tions appear to be in reasonable agreement with observations.The
underestimation also appears to be larger with decreasing g . Sig-
ni� cant differences in the rate of decay for the weaker turbulence
cases between model predictions and observations may be caused
by the following possibilities: 1) For the stable cases of M-1252
and M-1273, the interactionbetween the vortices and stable strati� -
cation, which is not included in the present numerical simulations,
may enhancevortexdecayas discussed in the Introduction.2) There
may be additional turbulence not taken into account in our simula-
tions, such as self-generated internal turbulence that may originate
with the vortices during the initial rollup process and may be con-
� ned only within the vortex oval. (The internal turbulence may be
more effective on vortex decay for weaker ambient turbulence.) 3)
There is uncertainty in measurement data especially for initial cir-
culation C 1 . (Note that the g value and the rate of vortex decay
in the observations are quite sensitive to the initial circulation.) 4)
There is a discrepancyin the computationof the circulationbetween
the numerical simulations and observations. (The circulation in the
simulations is obtained directly by integrating the axial vorticity
� eld, whereas the measured circulation is estimated from LIDAR
line-of-sight velocities.)

For possibility 1, the effect of the stable strati� cation on vortex
decaycan be easily incorperatedinto Eqs. (11) or (12). Accordingto
Greene,8 the rate of circulationdecay due to the stable strati� cation
is given by

d C

dt

ê
ê
ê
ê strati� cation

= ¡
AN 2h

b0

(23)

where A is the wake oval area equal to [p (1.73) £ (2.09)b2
0]/4.

Because the ambient turbulence strength is generally weak in the
stable atmosphere due to the suppression of ambient turbulence
by stable strati� cation, for example see Table 2, Eq. (23) will be
combinedwith model G [Eq. (12)] rather than modelE [Eq. (11)] for
a total vortexdecay.Therefore,the total rate of circulationdecaydue
to both ambient turbulence and stable strati� cation can be written
in a nondimensional form as
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a) ´ = 0:0302

b) ´ = 0:0702

c) ´ = 0:1006

d) ´ = 0:1509

e) ´ = 0:3018

f) ´ = 0:5031

Fig. 10 Evolution of the descent distance in three-dimensional simulations compared with the theoretical model: dashed line H = 0:98T.

Fig. 11 Same as Fig. 8 but for the vortex descent in Eqs. (20) and (21). Fig. 12 Same as in Fig. 9 but for the vortex descent.



HAN ET AL. 653

a) Stable environment, M-1252

b) Stable environment, M-1273

c) Neutral environment, M-1569

d) Neutral environment, M-1573

e) Unstable environment, M-1581

f) Unstable environment, M-1584

Fig. 13 Comparison of � eld observationsand model predictions for the average circulation over the range R = 0:4¡ ¡ 0:6; solid (dashed) lines are model
predictions for the circulation decay due to ambient turbulence only (due to both ambient turbulence and stable strati� cation).

d C

dT

ê
ê
ê
ê turbulence

=
dC

dT

ê
ê
ê
ê turbulence

+
d C

dt

ê
ê
ê
ê strati� cation

= ¡ 2c2
g 2T

R2
C ¡

b0 AN 2 H

V0

(24)

On the other hand, the rate of vortex descent is given by

dH

dT
=

C

C 0
(25)

Vortex decay and descent in Eqs. (24) and (25) have been computed
through a numerical integration using a forward scheme in time,
based on a vertically averaged N from the observed ambient poten-
tial temperaturepro� le [N 2 is de� ned as (g / H )(@H / @z), where g is
the gravitationalacceleration]. As shown in Figs. 13a and 13b, when
the strati� cation effect is added in the model, the underestimation
in vortex decay is signi� cantly reduced, indicating that strati� ca-

tion has an important in� uence on vortex decay for a weak ambient
turbulencewith stable strati� cation.

Shown in Fig. 14 are the measured vortex descents with model
predictionsbased on Eqs. (20) and (21) again using the mean coef-
� cients. In the calculation, the starting altitude of the vortices has
beeninferredfromthe LIDAR measurementas byRobins et al.41 be-
cause the vortices appears to be locatedabove the expectedposition,
that is, the generatingaircraft height in Table 2. Consistent with the
large underestimation for the circulation decay, the model predic-
tions in the weaker turbulence cases of M-1252 and M-1273 with
stable strati� cation signi� cantly overestimate the observed vortex
descent, especially at later time periods. However, this overestima-
tion in vortexdescent is signi� cantly reducedwhen the strati� cation
effect is added in the model, consistent with reduction of the un-
derestimation in circulation decay. The model predictions for the
stronger turbulence cases of M-1581 and M-1584 appear to be in
reasonable agreement with observations, which is also consistent
with the agreement for the circulation decay.
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a) M-1252

b) M-1273

c) M-1569

d) M-1573

e) M-1581

f) M-1584

Fig. 14 Same as Fig. 13 but for the vortex descent.

V. Conclusions
This study represents a � rst step at understandinghow wake vor-

tices behave in the atmosphere by isolating the effects of ambient
turbulenceon vortex decay. LES simulations are conductedby � rst
inducing a � eld of ambient turbulence that is nearly isotropic and
spatially homogeneous.A vortex pair, representing aircraft trailing
vortices, is introduced once the turbulence � eld reaches a statisti-
cally steady state. In these simulations, the Crow linking and its
subsequent effect on vortex decay are suppressed by the selection
of axial domain size.

Our resultsshowthat, consistentwith � eldobservations,thedecay
rate of the vortex circulationincreasesclearly with increasinglevels
of ambient turbulenceand decreaseswith increasingradial distance.
Based on the LES results, simple decay models for the vortex pair
are proposed as functions of nondimensional ambient turbulence
intensity g , nondimensionalradial distance R, and nondimensional
time T . Showing good agreement with the LES data, we propose a
Gaussian type of vortex decay model for weak and moderate turbu-

lence, whereas an exponential type of vortex decay model is more
appropriatefor strongturbulence.The LES simulationsand the � tted
models show that the turbulence dissipation rate characterizes the
level of ambient turbulence responsible for vortex decay. A model
for the vortex descent based on the given vortex decay model is also
proposed with functions of g and T and can be represented by an
error function.

The proposed models for the vortex decay and descent are ap-
plied to available � eld data obtained from the Memphis airport. For
a strong atmospheric turbulence, the model predictions appear to
be in reasonable agreement with the observation data. For a weak
atmospheric turbulencewith stable strati� cation, the models largely
underestimate the observed circulation decay with consistent over-
estimation of the observed vortex descent. However, this underes-
timation in vortex decay is signi� cantly reduced with consistent
reduction of the overestimation in vortex descent when the strati-
� cation effect is added in the models, indicating that strati� cation
has an important in� uence on vortices for weak ambient levels of
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turbulenceunder stably strati� ed conditions.The lack of agreement
in the rate of decay for the weaker turbulencecases between model
predictionsand observationsmay also be caused by some other fac-
tors that are not taken into account in the comparison, such as the
effect of internal turbulence on vortex decay, uncertainty in mea-
surement data, and discrepancy in computation of the circulation
between numerical simulations and observations.

Appendix: Derivation of Decay Models
For high-Reynolds-number� ows under the condition of neutral

strati� cation, the equation that governs the rate of change for mean
axial vorticity ¯f due to turbulent motion can be given by

d ¯f

dt
= ¡

@

@x j

u 0
j f

0 (A1)

Integrationof Eq. (A1) over the regionde� ned by the radial distance
r yields

Z Z
d ¯f

dt
dA = ¡

Z Z
@

@x j
u 0

j f
0 dA (A2)

The area integral on the right-hand side of Eq. (A2) can be trans-
formed into a line integral taken around the perimeter of the area
using the Stoke’s theorem, that is,

d C

dt
= ¡

I
u 0

n f 0 ds (A3)

where u 0
n is the � uctuation of velocity normal to the surface. The

line integral leads to

d C

dt
= ¡ 2 p r h u 0

n f
0 i (A4)

where h i denotes an average around the perimeter with the radial
distance r . From the down-gradient transport approximation,

h u 0
n f

0 i » ¡ m e
@h ¯f i
@r

(A5)

where m e is an effective eddy viscosity.The radial gradient of mean
axial vorticity may be approximated by

@h ¯f i
@r

» ¡
h ¯f i
r

(A6)

h ¯f i »
C

r 2
(A7)

so that

@h ¯f i
@r

» ¡
C

r 3
(A8)

Note that @h ¯f i / @r is assumed to be proportional to the difference
of mean axial vorticity at the vortex center and that at the radial
distance r . We are basically considering a vortex � ow in which
deviation from the axisymmetry due to ambient turbulence is small
enough for the approximations of Eqs. (A5–A8) to be valid. Then
Eq. (A4) can be expressed as

d C

dt
» ¡

m e C

r 2
(A9)

The preceding derivations are almost the same as Donaldson and
Bilanin’s7 (DB) except that the dependencyof the circulationdecay
on the radial distance r is considered in the present study, whereas
b0 is used instead of r in DB’s study becauseDB consider the decay
rate of the circulation over an oval within which a pair of vortices
resides.

From an equilibrium second-orderclosure theory, DB obtain the
relation

m e = 0.26 K q (A10)

where K is a measure of the integral length scale of turbulence.
Assuming that

K ’ b0 /8 (A11)

DB then obtain Eq. (1). However, their approximationof Eq. (A11)
is not physicallycorrectbecauseb0 has no relationwith background
atmospheric turbulencewhose length scale varies signi� cantly over
day and night.As discussedin the Introduction,we use ², rather than
q and K , as the ambient turbulenceparameter relevant to circulation
decay.

For strong turbulence but at smaller radial distances where
stronger the radial gradientof mean axial vorticitymay exist, the pa-
rameterizationof Eq. (A5) would be acceptable.The effective eddy
viscosity in this case can be expressed in terms of effective turbu-
lence velocity and length scales, that is,

m e » (²b0)
1
3 b0 (A12)

Note that (²b0)
1/3 is a characteristic turbulencevelocity scale at the

scale of the vortex separation distance b0. Substituting Eq. (A12)
into Eq. (A9), we obtain

d C

dt
» ¡

(²b0)
1
3 b0

r 2
C (A13)

Thus, thedecayrateof thecirculationdependsonboth theturbulence
energy dissipation rate ² and radial distance r , unlike DB’s model
[Eq. (1)].

For weak and moderate turbulence or at larger radial distances
for strong turbulence where the radial gradient of mean axial vor-
ticity may be weak, the parameterization of Eq. (A5) would not be
appropriate. It is anticipated that the radial turbulent vorticity � ux
u 0

n f
0 in this case will be mostly in� uenced by turbulent diffusion of

vorticity from the core region rather than by local diffusion as in
Eq. (A5). This implies that u 0

n f
0 would be time dependent.We then

hypothesizethat the rate of change of h u 0
n f 0 i in this case dependson

turbulence velocity and mean axial vorticity gradient from vortex
center to given r , that is,

@h u 0
n f 0 i

@t
= f

³
(²b0)

1
3 ,

C

r 3

´
(A14)

From dimensional arguments,

@h u 0
n f 0 i

@t
»

(²b0)
2
3 C

r 3
(A15)

Integration of Eq. (A15) with respect to time leads to

h u 0
n f 0 i »

£
(²b0)

2
3 t C ê r 3

¤
(A16)

where the initial value of h u 0
n f 0 i is assumed to be zero. Substituting

Eq. (A16) into Eq. (A4), we obtain

d C

dt
» ¡

(²b0)
2
3 t

r 2
C (A17)
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